We study the probability distribution of the angle by which the tangent to the trajectory rotates in the course of a plane random walk. It is shown that the determination of this distribution function can be reduced to an integral equation, which can be rigorously transformed into a differential equation of Hill's type. We derive the asymptotic distribution for very long walks.
Introduction
Although random walks have now been studied for about one century (cf. the bibliographical notes at the end of ref. l), some of their most elementary properties have still not been considered in the literature. This paper is devoted to one such property: the total angle by which the tangent to the trajectory rotates in the course of a plane random walk.
If the random walk consists of n steps, each of length 1, the total angle by which the tangent to the walk has rotated at the end of the nth step will be denoted by 4. Our problem consists of calculating the probability density p,(x, y, 4) that this walk, which started at a point with Cartesian coordinates x = 0, y = 0, will reach x, y with a "total angle of rotation" equal to 4.
To the author's knowledge this problem has never been mentioned in the literature, much less solved exactly for walks of any length. Yet it is relevant to the combinatorial solution of the two-dimensional Ising model and to a recent attempt to make progress towards an analytical solution of the two-dimensional self-avoiding random walk problem (ref. 2 and papers quoted there). In view of these important consequences a more detailed study of this problem seems justified. In section 2 we express the probability distribution in terms of the eigenvalues of an integral equation. In section 3 it is shown that this integral equation can be rigorously transformed into a differential equation of Hill's type. In section 4 the asymptotic form of the distribution for very long walks is extracted from the differential equation, 
Integral equation
The basic geometry is indicated in fig. 1 for a random flight (0, ri, r2, r3, r4) consisting of four steps of equal length 1. The direction of step j with respect to step j -1 is denoted by aj, -7T<+<fT. ( 
2.1)
The first angle (or is measured with respect to the positive real x-axis. In our model we assume that the different values of aj can occur with a constant probability density (27r)-'. The total angle 4j by which the tangent to the random walk has rotated at the end of step j is given by the algebraic sum c#lj=a,+a2+**~+aj. (2.15) s Substitution of (2.15) into (2.12) and of (2.12) into (2.8) in principle determines the solution of our problem.
The differential equation
In order to make some further progress we now consider those eigenfunctions of the integral equation which have the special form 
Gb+277)= a,(4). (3.2)
It will turn out that these already form a complete set of functions. Substitution of (3.1) into (2.13) gives 
(3.13)
. (3.14)
It shown there also that these solutions form a complete set of functions.
Hence the Ansatz (3.1) has given rise to a complete set of eigenfunctions of the integral equation (2.13), which in a formal way solves the problem of determining the distribution of the angle of rotation for plane random walks.
Asymptotic form of the distribution
From a practical point of view the explicit determination of the distribution for small values of n is still very complicated. We shall, therefore, limit ourselves here to the asymptotic case n S 1. In this case the typical values are r/l -O(n"*) and C$ -6(n"*), hence we are interested in kl-O(n-"*) and s -6'(n-"*). The simplest way to proceed is to consider two special cases: (a) kl=Oands<l;(b)s=Oandklel.
In the first case, kl = 0, Hill's determinant (3.14) equals unity. Hence eq. which upon substitution of (3.10a) gives The last two equations and the fact that A, must be an even function of s (because the replacement of s by --s does not change anything in (3.13)) implies that the behavior of the eigenvalues for small, non-zero values of s and kl must be of the form Taking the inverse Fourier transform of (2.8) the asymptotic form of the probability distribution is found to be given by P"h Y, 4md%fJ)PlT'(X, Y) (n + 11, This asymptotic formula simply expresses the fact that for it % 1 the distribution for the angle of rotation is statistically independent of the distribution of the final position of the walk. This was to be expected a priori and recovering this result merely serves as a consistency check on the formalism of sections 2 and 3.
